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The dynamical analog of the Kohn anomaly image of the Fermi Surface is demonstrated for the
response functions to the surface acoustic waves (SAW) in quantum Hall systems near ν = 1/2.
Kinks appear in the velocity shift ∆s/s and attenuation coefficient Γ. The effect is considerably
enhanced under periodic modulation and should be observable in the geometry we propose, where
the SAW wave vector is parallel to the wave vector of an external modulating potential.
PACS numbers: 71.10 Pm, 73.40 Hm, 73.50 Rb
In this paper we predict a new dynamical manifesta-
tion of the Kohn anomaly (KA) [1] in the response of a
two dimensional electron gas (2DEG), in the fractional
quantum Hall effect (FQHE) regime to an interacting
surface acoustic wave (SAW). This dynamical KA may
be measurable from the SAW wave-vector dependence of
the velocity shift and attenuation. The predicted kinks
can be enhanced by an order of magnitude when external
periodic modulation is applied, similar to the recent ex-
periments [2, 3]. Our work is based on the HLR picture
[4]. So we assume that at ν = 1/2 there exists a compos-
ite fermion-Fermi surface(CF-FS). For the unmodulated
2DEG the CF-FS is a circle [5].
Surface acoustic wave propagation has been one of the
most fertile probes of the conducting properties of the
2DEG in high magnetic fields, in particular, for the frac-
tional quantum Hall effect (FQHE) in a 2DEG in the
GaAl/AlGaAs heterostructures. Using the SAW mesure-
ment, evidence was obtained for the existence of a CF-FS
and the value of the Fermi momentum pF was determined
[6]. The KA in the acoustic wave response is well known
in conventional metals. It was noted by HLR (Ref. [4])
that in principle a similar anomaly can also exhibit it-
self in the SAW response of the 2DEG at one-half filling.
However, the authors concluded the effect would be very
small. In this paper we show that in proper geometry
and with modulation the effect can be sufficiently large
to be measurable using the response of the system to
the SAW at h¯q ≈ 2pF . And, if measured, this response
would contain important information. It this paper we
show that the image of the CF-FS appears in the struc-
ture of the SAW velocity shift ∆s/s and the attenuation
rate Γ, as functions of the SAW wave vector q for large
q (h¯q ∼ 2pF ), thus giving another means to determine
the CF-FS.
The SAW propagating in a piezoelectric medium in-
teracts with a 2DEG in a nearby semiconductor. In the
usual geometry the SAW propagates along the [011] di-
rection on the (100) surface of an AlxGa1−xAs crystal.
Defining the x axis as x ≡ [011] we have [7]:
∆s
s
− iΓ
q
=
α2
2
ε(q, ω) =
α2/2
1 + iσxx(q, ω)/σm
. (1)
Here ω,q are the SAW frequency and wave vector (q =
(q, 0, 0); ω = sq); the dimensionless constant α2 describes
the piezoelectric coupling, σxx(q, ω) is the component of
the electron conductivity tensor, σm = sεb/2pi; εb is the
background dielectric constant. The dielectric function
ε(q, ω) is:
ε(q, ω) = 1− V (q)K00(q, ω), (2)
where V (q) is the Fourier component of the Coulomb in-
teraction: V (q) = 2pie2/εbq; εb is the background dielec-
tric constant; and K00(q, ω) is the CF density-density
response function. Note that in Eq. (1) the dielectric
function ε(q, ω) is in the numerator: this takes into ac-
count that the piezoelectric field generated by the SAW is
unscreened, while the 2DEG interacts with the screened
electric field.
In the RPA the density-density response function is
described by the following expression [4]:
K00(q, ω)
=
K000(q, ω)
1 + V (q)K000(q, ω)− (4pih¯/q)2K011(q, ω)K000(q, ω)
.
(3)
Below we write the unperturbed response functions
K011(q, ω) and K
0
00(q, ω) corresponding to the noninter-
acting CF system at ν = 1/2, which is the Fermi sea
with Fermi momentum pF . The functions K
0
00(q, ω) and
K011(q, ω) are:
K000(q, ω)
=
∫ ∫
f(E(p+ h¯q))− f(E(p))
h¯ω − E(p+ h¯q) + E(p) + iη
d2p
(2pih¯)2
, (4)
K011(q, ω)
2= − n
m∗
+
∫ ∫
v2y
f(E(p+ h¯q))− f(E(p))
h¯ω − E(p+ h¯q) + E(p) + iη
d2p
(2pih¯)2
.
(5)
Here f(E(p)) is the Fermi distribution function for the
energy E(p); vy = py/m
∗; m∗ is the CF effective mass;
η = h¯/τ ; τ is the relaxation time.
CASE A: CIRCULAR CF-FS
After straightforward calculation we arrive at the re-
sult (ω ≪ qvF ; vF = pF /m∗; η → 0) :
K000 = N

1− 2δ


√(
h¯q
2pF
− δ
)2
− 1
+
√(
h¯q
2pF
+ δ
)2
− 1


−1

 . (6)
where √(
h¯q
2pF
± δ
)2
− 1 ≡
√√√√∣∣∣∣∣
(
h¯q
2pF
± δ
)2
− 1
∣∣∣∣∣
×
{
θ
(
h¯q
2pF
± δ − 1
)
+ iθ
(
h¯q
1− 2pF ∓ δ
)}
and
θ(x) =
{
0 for x ≤ 0,
1 for x > 0.
Here N = 2pim∗/(2pih¯)2 is the density of states at the
CF-FS; δ ≡ ω/qvF . Thus the unperturbed density-
density response function exhibits an anomaly near h¯q =
2pF both in real and imaginary parts. The main part
of the response function K011(q, ω) at ω ≪ qvF (δ ≪ 1)
equals
K011 = −
q2
24pim∗
− 2
3
n
m∗
kF
q


√√√√[( h¯q
2pF
− δ
)2
− 1
]3
−
√√√√[( h¯q
2pF
+ δ
)2
− 1
]3
 . (7)
For small q (h¯q ≪ pF ), ImK011 is large relative to the real
part and gives the linear dependence of the conductivity
σxx upon q. However, for h¯q ∼ pF and σ ≪ 1, ImK011 is
small compared to ReK011. The ratio of these magnitudes
is of the order of δ.
Substituting the expressions (6) and (7) in Eq. (3) and
using Eq. (1) we obtain the following result for the σxx
component of the electron conductivity tensor:
σxx
=−iσ0(q)
×

1−
3
2
δ√(
h¯q
2pF
− δ
)2
− 1 +
√(
h¯q
2pF
+ δ
)2
− 1− δ
2


+
3
4
δσ0(q)
×

1 +
1
2
δ√(
h¯q
2pF
− δ
)2
− 1 +
√(
h¯q
2pF
+ δ
)2
− 1− δ
2

 ,
(8)
where σ0(q) =
3
4
(ωe2/q2)N.
In the vicinity of h¯q = 2pF the denominators are of
the order of δ, therefore the last two terms are smaller
than the first two terms. Neglecting them, we obtain for
the real part (σ′) of σxx
σ′ = σ0(q)F (q). (9)
The function F (q) increases when the wave vector ap-
proaches 2pF /h¯ (but 1− h¯q/2pF ≫ δ) as
F (q) =
3
8
√
2
δ√
1− h¯q/2pF
(10)
and has its maximum value Fmax
(
Fmax =
3
16
√
δ
)
when
h¯q = 2pF (1−δ). Further increase of the wave vector leads
to decrease of the function F (q) which goes to zero when
h¯q > 2pF (1 + δ).
The derivative of the function F (q) tends to infinity
when h¯q approaches the points 2pF (1−δ) and 2pF (1+δ)
from the left side. These peculiarities in F ′(q) correspond
to kinks in the dependence of the real part of the conduc-
tivity upon q near the ”KA point” (h¯q = 2pF ). Due to
the low density of electrons in the heterostructures under
consideration (n ∼ 1010− 1011 cm2) the CF Fermi veloc-
ity is comparatively small (vF ∼ 106 cm/sec). So the
parameter δ cannot be neglected (δ ∼ 10−1; s ≈ 3 · 105
cm/sec [5]) and the variations of σ′ near h¯q = 2pF can
be important. The imaginary part σ′′ of σxx is not very
sensitive to the variation in q in the vicinity of the point
q = 2pF/h¯, so
σ′′ ≈ −σ0(q). (11)
3FIG. 1: The dependence of the SAW velocity shift ∆s/s
(dashed curve) and attenuation coefficient Γ (solid curve)
upon q near the KA point for case A, circular CF-FS. See
text.
However, the derivative of this function diverges when
h¯q approaches the points 2pF (1∓ δ) from the right side.
This corresponds to the results obtained in long ago [9]
for a metal with a nearly cylindrical Fermi surface. The
real and imaginary part of the dielectric function are
∆s
s
=
α2
2
Reε(q, ω = sq) =
α2
2
1
1 + σ2
1
1 +
σ2
1 + σ2
F 2(q)
,
(12)
Γ = −qα
2
2
Imε(q, ω = sq) = q
α2
2
σ
1 + σ2
F (q)
1 +
σ2
1 + σ2
F 2(q)
,
(13)
where σ = σ0(q)/σm. These formulas predict a minimum
in the velocity shift and a maximum in the attenuation
at h¯q = 2pF (1− δ) [10]. Thus when the CF-FS is a circle
the KA appears as non-monotonic behavior of the SAW
velocity shift and attenuation dependencies of q near q =
2pF/h¯. Equations (12) and (13) are our new results and
are illustrated on Fig. 1. Note that the location of the
anomalies are shifted from 2pF [9].
The ratio σ0(q)/σm for GaAs at q ≈ 2pF /h¯ and
n ∼ 1010 cm−2 is of the order of unity and the piezo-
electric constant α2 is of the order of 10−3 [8, 11]. So
the magnitude of the minimum of the SAW velocity shift
can be of the order of 10−4−10−5. According to HLR [4],
a more systematic calculation of the response functions
at large q/(q ∼ 2pF /h¯) including non-RPA contributions
gives a significant suppression of the KA due to strong
interaction between electrons in the 2D system. Estima-
tions by HLR (Ref. [4]) gave an estimate of 0.1 reduction.
Taking this estimate into account, we conclude that the
dynamical KA in the SAW response of the 2DEG with
the undeformed (circular) CF-FS is probably not large
enough for observation in experiments.
FIG. 2: The dependence of σ′′ on q in the vicinity of the KA
points for case B, Deformed CF-FS. A strongly flattened CF-
FS is illustrated (γ ≫ 1). See text. The inset shows schemat-
ically the shape of the CF-FS deformed due to an external
periodic modulation in the ”x” direction in the nearly free
electron approximation (solid line) and CF-FS correspond-
ing to Eq. (16) (dashed line). The locations of regions of
particularly high density of states are noted by two arrows
(symmetrical points exist by reflection).
CASE B: DEFORMED CF-FS
We predict a much stronger KA in the SAW spec-
trum when the CF-FS is deformed due to an external
effect. For instance, the CF-FS can be flattened as a
result of the application of a periodic modulation po-
tential, as in the experiments [2]. The modulation will
influence the CF system in two ways: through the di-
rect effect of the modulating potential and through the
effect of the inhomogeneous correction to the effective
magnetic field ∆B(r) proportional to the density modu-
lation ∆n(r). The direct effect of the modulation is that
the modulating electric field deforms the CF-FS; this is
analogous to the crystalline field in metals. As a result,
in the presence of the grating modulation the CF-FS cir-
cle is distorted and can be ”flattened”in the vicinities
of some special points (see Fig. 2). It is known that
for large q, resonance mechanisms of the absorption of
the energy of SAW by the CFs, independent of quasi-
particle scattering, are the most important. In this case
the main contribution to the response functions origi-
nates from small effective parts of the CF-FS, where CFs
which are strongly interacting with the SAW are con-
centrated. When the locally ”flat” regions of the CF-FS
are its ”effective parts’, they play a disproportionately
important role in determining the SAW response due to
the unusually large density of quasiparticle states there.
4We showed in our work [12] that this deformation of the
CF-FS resulting from the modulating potential could be
at the origin of the anomalies in magnetotransport ob-
served in Ref. [2]. Here we show that the distortion of
the CF-FS can essentially strengthen the KA and make
it large enough for observation in experiments.
Assume that the modulation potential wave vector g
is parallel to the SAW wave vector q. This parallel ge-
ometry is the most favorable for our new experiment un-
der deformation because, as in a conventional metal, it
provides the ”flattened”, segments of the CF-FS which
are its effective parts for the absorption of phonons with
large q of the order of 2pF /h¯. [13]. To analyze the Kohn
effect under these conditions we parametrize the energy-
momentum relation for CF in the modulated system as
in our previous work [12]:
E(p) =
p2x
2m1
+
p20
2m2
∣∣∣∣pyp0
∣∣∣∣
γ
(14)
where p0 is a constant with the dimension of momen-
tum, the mi are effective masses and γ is a dimension-
less parameter which determines the shape of the CF-FS
(γ > 1).When γ > 2 the CF-FS is flattened near the ver-
tices (±p0, 0). The CF-FS will be the flatter at (±p0, 0)
the larger is the parameter γ. To calculate the response
functions K000 and K
0
11 we introduce
px = p0
√
m1/m2 cos t, py = ±p0| sin t|2/γ (15)
where 0 ≤ t ≤ 2pi and the + and − signs are chosen cor-
responding to normal domains of positive and negative
values of the sine. To proceed we convert the integral in
(6) to an integral over the CF-FS and over energy.
The expression (4) becomes:
K000(q, ω) = Φ+(q, ω)− Φ−(q, ω), (16)
where
Φ±(q, ω) =
8b±
γ
m1m2
h¯qp0
1
(2pih¯)2
×
∫
dEf(E)
∫ pi/2
0
sin t2/γ−1dt
(b±)2 − cos2 t ; (17)
b± = h¯q/2p
∗
0 ∓ δ + i/ql; p∗0 =
√
m1/m2 p0 is the maxi-
mum value of the component of the CF momentum in
the direction of the SAW propagation; δ = ω/qv0; v0 =
p0
/√
m1m2; l = v0τ.
The inner integrals in Eq. (17) can be transformed to:
1
2b2±
∫ ∞
0
z1/γ−1(1 + z)1/γ−1/2
(
z +
b2± − 1
b2±
)−1
dz
=
1
2b2±
B
(
1
γ
;
3
2
− 2
γ
)
2F1
(
1;
1
γ
;
3
2
− 1
γ
; 1− b
2
± − 1
b2±
)
.
(18)
Here B(x,y) is the beta function and 2F1(α;β; ρ;x) is
the hypergeometric function. Using the asymptotic ex-
pression for the hypergeometric function in the limit
|b2± − 1| ≪ 1, we obtain the following expression for the
response functionK000(q, ω) near q = 2p
∗
0(δ ≪ 1; η → 0) :
K000(q, ω) = N

1 +
(
p∗0
h¯q
)2/γ [(
h¯q
2p∗0
− δ
)2
− 1
]1/γ
−
(
p∗0
h¯q
)2/γ [(
h¯q
2p∗0
+ δ
)2
− 1
]1/γ

≡ N{1 + Yγ(q, δ)}, (19)
where the density of states N equals
2pi
√
m1m22
2/γ/γ sin(pi/γ)(2pih¯)2.
Similarly we can obtain the asymptotic expression for
the response function K011(q, ω) near the point of the
anomaly. The expression for the σxx component of the
electron conductivity tensor for the flattened CF-FS is
σxx = −iσ0(q)
{
1− Yγ(q, δ)
1 + a+ Yγ(q, δ)
}
, (20)
where σ0(q) = (ωe
2/q2)N/(1 + a); the dimensionless
constant ”a” equals 41/γ−1γ/(2γ − 1), and ”a” carries
the information about the ”flattening” of the initially
circular CF-FS.
Equation (21) is our penultimate result and from it we
obtain important features of the KA for the deformed
CF-FS. When γ = 2 and m1 = m2 = m
∗ (undeformed
CF-FS) this formula will coincide with Eq. (10). Near
h¯q = 2p∗0 [p
∗
0 is defined below Eq.(17)], for strong flat-
tening of the CF-FS (γ ≫ 1) the real part σ′ of the con-
ductivity σxx is very small compared to σ0(q) and can
be neglected. Its imaginary part (σ′′) near but not too
close to h¯q = 2p∗0 (h¯q < 2p
∗
0) equals −σ0(q) as in the case
when the CF-FS in undeformed.
The imaginary part of the conductivity at h¯q ≈ 2p∗0(1−
δ) is now
σ′′ = −σ0(q)
{
1− δ1/γ cos(pi/γ)
1 + a+ δ1/γ cos(pi/γ)
}
. (21)
Its magnitude decreases significantly in the vicinity of
the KA point when CF–FS flattening is strong (γ ≫ 1).
When h¯q tends to 2p∗0(1+δ) [h¯q < 2p
∗
0(1+δ)] the quantity
σ′′ increases sharply, and
σ′′ ≈ −σ0(q)
{
1 + δ1/γ
[
1 + a− δ1/γ
]−1}
. (22)
When γ ≫ 1 the parameter δ1/γ is of the order of unity
and σ′ ∼ −σ0(q)(1 + a)/a. Then for strong flattening of
the CF-FS the factor (1 + a)/a varies from 1 to 10.
The wave-vector dependence of the function σ′′(q) near
the point h¯q = 2p∗0 is shown in Fig. 2. We observe kinks
5at points h¯q = 2p∗0(1∓δ) corresponding to discontinuities
in the derivative of the imaginary part of the conductiv-
ity. Thus, flattening the CF-FS will critically change
the dependence of σ on q in the vicinity of the point
h¯q = 2p∗0. In this case the most important contribution
to the Reε(q, ω = qs) is
Reε(q, ω = qs) =
1
1 + |σ′′/σm| (23)
and, correspondingly
∆s
s
=
α2
2
1
1 + |σ′′/σm| . (24)
For γ ≫ 1, ∆s/s will decrease significantly in the re-
gion 2p∗0(1−δ) < h¯q < 2p∗0(1+δ). The amount of decrease
in Reε(q, ω) may be of the order of 10. Thus the anomaly
produces a significant supression of the piezoelectric cou-
pling (i.e. enhanced screening of the electric field) by the
electrons at 2p∗0(1−δ) < h¯q < 2p∗0(1+δ). Further increase
of q leads to a sharp increase in ∆s/s, which corresponds
to the weakening of the electron systems coupling to the
SAW. This follows because the electrons can not absorb
phonons with wave vectors more than 2pF (1+ δ)/h¯. The
magnitude of this dip in the SAW velocity shift for a
strongly flattened CF-FS can be of the order 10−3. Even
estimating as did HLR (Ref. [4]) the reduction of the
magnitude of the effect due to the contribution from non-
RPA terms, we can conclude (using the HLR estimate [4]
of 0.1 reduction) that the predicted effect should be ob-
servable by presently available experimental methods in
modulated 2DEG systems.
In summary, we showed that dynamical KA can be
observed in the SAW velocity shift and attenuation in
modulated 2DEG near ν = 1/2. The distortion of the CF-
FS by the external density modulation produces an order
of magnitude enhancement and can make the anomaly
available for observation in spite of the suppression due
to the electron-electron interaction in 2D systems. The
predicted shifts in location of the kinks from 2pF is also
new. We propose an SAW experiment in a modulated
2DEG to observe this dynamical KA. We expect it to
be observable in the GaAl/AlxGa1−xAs heterostructures
with the density of electrons n ∼ 1010 cm−2 at the SAW
frequency ω ∼ 2pi(1− 10)GHZ in the geometry when the
SAW wave vector is directed along the wave vector of
modulating potential.
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